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A theoretical description in terms of the coherence propagation is given for self-focussing. The 
concept of coherence length is defined in terms of free, self-focussing propagation giving results in 
accordance with well known experimental criteria for the laser. Extension of the method is given 
for an Atom Laser showing good results in agreement with recents numerical results of Trippenbach 
et al. [J. Phys. B:At. Mol. Opt. Phys. 33 47-54 (2000)]. 
PACS number(s): 32.50.-Fd, 32.80.Qk, 32.80.-t 



I. INTRODUCTION 

A propagating beam of particles or waves are focused 
in some point when they sum up constructively, and os- 
cillate in rigorous phase at that point. The focussing 
of these particles or waves, is experimentaly obtained 
by using some optical arrangement. However, the self- 
focussing does not need of any experimental arrangement 
and raises as an unique effect no yet well explained. This 
became clear since the first experimental observation of 
self-imaging, today known as the Talbot's effect^. 
In this report we formulate sclf-focussing as a coherence 
propagation phenomena and then use it as a criterion for 
the definition of coherence length in both cases; inter- 
acting (Atom Laser) and non interacting (Photon Laser) 
particles beam propagation. 

This paper is organized as follows: In section II we de- 
scribe self-focussing as a phenomena of coherence propa- 
gation and obtain a master equation in Eq.(13); in section 
III we review the atom laser formalism and introduce the 
wave function for the condensed untrapped atoms as 
proposed by Gerbier et al^, in section IV we calculate the 
general expression for the coherence length and finally in 
section V we give some relevants results and conclusions. 



II. SELF-FOCUSSING OF NON-INTERACTING 
PARTICLES 

The general vector state to describe a highly collimated 
non interacting beam of neutral atoms propagating in a 
non-conducting medium is given by 



(1) 



The equation (1) indicates a vector sum, where k corre- 
sponds to the vector associated to the plane wave solu- 
tion for free particles. On the other hand, the integral 
stems from the possibility of the particle beam of taking 
any (continuous) value of momentum. In case of discrete 
changes in momentum it is customary to write down: 



k 



(2) 



Going from Eq.(l) to Eq.(2) it is straightforward, but 
the former it's not so easy to deal with. For instance, the 
current density. 



Zmi 



(3) 



can be written using Eq.(2) (we drop here the time de- 
pendence) 



k' ^k k 

In the integral form it reads 



J= — {2 k\A{k)\'^dk+ / Vik')dk'}, (5) 
2m ' ' ^ 



where 



r(fc')= / k{A{k')A*{k)e-'^^~^'^-^ + 

Jk^k' 

A*(k')A(k)e'(''-'''^-^}dk. (6) 

The physical meaning of Eq.(5) is made visible when 
we set 



df = dk. 



(7) 



for a fixed k' . Then the first term at the right-hand side 
of Eq.(6) (the remaining is a complex conjugate ), will 
be 



7 = / kA{k')A*{k)e-''^^-'''^-'"dk 



[A{k - f)e'^''~^'^-%kA*{k)e-'''-^]dk. (8) 
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Equation (8) does not quite satisfy the correlation 
(classical) definition for a pair of functions .g(^) and h{(^): 

= J 9{0h*i^-r)di, (9) 

because in this expression r, is a fixed correlation pa- 
rameter and in our treatment (see Eq.(7)), r is changing 
continuously together with k. However, we still can say 
that Eq.(8) has the meaning of a correlation, since the in- 
tegrand can be understood as a correlation between par- 
ticles of momentum k and (fc — r) for a given k' . Keeping 
this in mind we see that equation (6) makes account of 
all these correlations for diferent values of k'. 
Then we write: 



{k-k)-z^2mT; (13) 
n = 1,2,... 

For De Broglie particles with p = hk ~ mv, we have 

2mrh 2mrh 

z = —. — = — (14) 
rni\v 

where /S.v ~ v — ?; is the atomic velocity difference be- 
tween atoms, m the atomic mass and Ti is the Planck 
constant. If the coordinate z is measured from the beam 
origin, Eq.(14) can be put in the form 



AzAp = 2m:h, 



(15) 



r(fc')= [i{k) + i*mdk, 



(10) 



now, a particle beam can be experimentally prepared in 
such a way that A{k) may be a real number. This only 
means that for initial condition (t = 0, r = 0) A{k) has 
already some definite value (including zero). With this 
argument, Eq.(5) now reads: 



j= J!-\2 / k\A{k)\'^dk + 
2m J 

2 fdk' fRe[A{k - f)e'^''-^>^][kA*{k)e-'''-^]dk]{ll) 



J =-^{2 I k\A(k)\'^dk 
2m ' 



A{k')A*{k)kcos[{k' - k) ■ r\dkdk'} (12) 



This equation represents the more general expression 
for describing a non interacting particle beam propaga- 
tion. We see from here that the second term (associated 
with coherence troughout correlation), describes a 
focussing phenomena both directional (i.e, certain 
directions contain a bigger amount of particles than 
other directions) and longitudinal (along a particular 
direction, where some focus will exist). In this paper we 
deal with the longitudinal focussing. 

1. Longitudinal focussing phenomena 

From the second term on the right hand side of Eq.(12) 
we note that for a pair of atoms travelling in the same 
direction and with a sligth difference in fc, the correspond- 
ing focussing along z will correspond to those points 
where: 



to understand Eq.(15), is straightforward from the quan- 
tum mechanical point of view. In fact we identify this ex- 
pression as the uncertainty principle since Ap = means 
that we can not localize any focus on z-axis. We are 
in the presence of a perfect monochromatic plane wave 
(i.e all every particle in the beam has exactly the same 
energy). 

On the other hand, if we choose any two particles into 
the beam with a momentum difference Ap, and we track 
them in time, there is a certain possibility, different from 
zero, that it will focus in some point z given by Eq.(15). 
This probability will be smaller as Ap increases. It comes 
out from this argument that, in geometrical terms, the 
existence of any focus will mean some degree of coher- 
ence and therefore focus at infinity it means perfect or 
total degree of coherence (for given n), on the contrary 
focussing near the origin without any further focus, will 
mean a lower degree of coherence since the beam will 
spread along the propagation axis. 

When we are dealing with light, we better put equation 
(15) as: 



(fc — k)z = 2n7r, 
2n7r, 



1 



-ilS,w)z 
c 

27rAz^Az 



Az 



2mr, 
n 



-c, 



(16) 



For n = 1 we obtain the so called coherence length in 
opticsi Az = If we know the band width of a laser, 
we will know the distance at which, the field will oscil- 
late in rigorous phase. So it is interesting that requiring 
focussing in Eq.(13) as a coherence condition, we arrive 
at the well known formula of coherence length. 
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III. SELF-FOCUSSING OF INTERACTING 
PARTICLES. THE ATOM LASER 

Since the obtention of the first Bose Einstein Conden- 
sate (BEC) in 1995^, the laser of atoms became feasible. 
This object is defined as a device producing an intense 
well collimated coherent beam of atoma^ involving a 
process of coherent matter-wave amplification^. 
Since the atoms have masses, and they interact while 
travelling, the coherence of the beam presents an addi- 
tional spreading, which, as variant of the Photon Laser 
has to be considered. We do this by replacing in Eq.(l) 
the outgoing wave function of the condensate ^Pq and 
then we perform the same procedure as in section II. 
In what follows we describe briefly the obtention of ^'o- 
A more detailed and rigorous deduction can be found in 
the paper by Gerbier et a&. 

These authors consider a BEC of in the hyper- 
fine level with F = 1. This condensate could be in any 
of the sublevcls m — —1,0,1. Atoms in a state with 
m = — 1 arc confined in a magnetic potential of the 
form Vtrap = ^M{'wlx^ + w\y'^ -f w\z'^); atoms in a 
state with m = are the untrapped ones, and those 
with m = 1 arc rejected out of the trap. These are 
the three components of the spinorial wave function of 
the condensate = ['0m]m=-i,o,i and they obey a set 
of Schrodingcr coupled equationa^. When the limit of 
weak coupling is considered^, the populations Nm satisfy 
A^i << TVq << A^_i and only the states with to = — 1, 
and m = are considered. 

The condensate atoms arc transferred from the state 
TO = — 1 (trapped) to the state to = (untrapped) by 
using a rf pulse 



Bj-f = BrfCOs{LJrft)ex, 



(17) 



Thus the components of BEC = i^'m^ imu^jt satisfy 
the two coupled equationsi (after R.W.A) 



+ 



ih 



dt 



-i'Q, 



P^/2M 



(18) 



■00 



(19) 



The intensity of the interaction is given hy U = 
'iirh'^ aN / M , where N is the initial number of trapped 
atoms, M is the atomic mass, and a is the diffusion length 
for the interatomic collision process which, for the ®^i?6 
is 5nTO. 



The uncoupling intensity between states to = — 1, and 
TO = is given by the Rabi flopping frequency 

nrirf = HBBrf/2V2, (20) 

the detunning Srf is 

hSrf ~ Voff ~ flOJrf (21) 

and 

VoSf=iiBBo/2 + Kz''/2 (22) 

_Bo is the background magnetic field due to the coils of 
the trap. 

Equations (18) and (19) are uncoupled in the frame- 
work of the meanfield theory and the weak coupling 
limiti, obtaining for -00 i 



ICr 



1/2 



where 



(23) 



(24) 



here F describes the finite extension of an atom laser 
beam due to the finite coupling time (e.g the time of rf 
irradiation ) and is constant for each particular laser, the 
adimensional parameter C^r = {z — Zr)H provides a scale 
to the size of the trap, = riZQ/2 is the extraction point 
from the trap, and 

cj,_,[x,y,Zr)=[^)"\l-[xlx,f-[y/y,f-{z/z,fY'^ 

(25) 

The quantity | 4>_i{x,y,Zr) P, corresponds to the 
trapped atomic population in the ouput point z^. 
In what follows we define some important figures such as 
I, zo, xo, yo and -q 

\2APg) 
xl ^ 2iilMwl, 



2^1 /Mw\, 
2^1/ Mw\, 



ry = (2M,/ + V/7); 



1 



(26) 

Zmgz^ 

where /i is the chemical potential, and is understood 
as the neccessary energy to either add or remove a con- 
densed atom in the trap ensemble. The chemical poten- 
tial /X is definediS 

2/5 



(27) 



with cj = (tjj.a;^)^/'^ and the harmonic oscillator length 
defined as cr = {Ti/Muj)^/'^ , note that / << xq, i/oi -^o and 
for ^"^ Rh it is known that I ~ 0.28/iTO 
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IV. COHERENCE LENGTH FOR AN ATOM 
LASER 



By solving this equation for n = 1, 
ence length z for the atom laser 



we obtain the coher- 



In the spirit of section II, we now use Eq.(13) in or- 
der to find the coherence length. To do this we need to 
know the propagation vector fc, which is calculated using 
Eq.(23) and following the standard procedures (see for 
example Fliiggeii). 

Along these lines we then calculate J, and find v = J / p 
with p =\ ijjQ P 



J 



p ml ^ 



TO ^3/2 



(28) 



here = 
p = tik 
obtain for its magnitude 



J + -y. We now use the Dc Broglic relation 
mv to obtain the propagation vector fc, we 



k = 



\Jz + Zr 



(29) 



We then replace Eq.(29) into Eq.(13) 

((Z + _ (2' + Zrfl'^)z = 2n^?3/2^ 

It is clear from section II and Eq(13) that z — z' is the 
correlation length for the interacting atom laser beam 
between two diferent points of the beam. Since we are 
interested in the coherence length measured from the ex- 
traction point Zr, we make z' = z^. therefore 



((z + z,)i/2-(2z,)i/2)^^2n7r;3/2, 



(31) 



NUMERICAL RESULTS AND 
CONCLUSIONS 



We use the mathcmatica program to solve numcricaly 
Eq.(31), below we list the results for all possible atoms 
laser with alcalin species 



Hi 



2.4622^TO, 
1.0299AiTO, 
5.4461^TO. 



In particular, our treatment leads to a quantitative 
agreement with the experimental results of Marek Trip- 
penbach et alm^ for atoms of '^^Na. In their experiment 
they obtain diferent results for diferents Wrf , this results 
nmning between 2.0 and 5.0 pm. 

In conclusion, we have proposed a very simple form for 
the calculation of the coherence length for an Atom Laser, 
and shown the validity for the method by comparison 
with the numerical results of Trippcnbach et al. As a final 
coment we note tha the coherence length is not depending 
on the iradiation time 
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